Introduction
For a pointed CW-complex X let Aut(X) denote the set of homotopy classes of based self-maps of X which are homotopy equivalences. This set is a group, called group of self-homotopy equivalences, with respect to the operation induced by the composition of maps. The purpose of this paper is to study the group of self-equivalences of a product of two spaces. In order to formulate the main result the following notation and concepts are needed. Let i X ; i Y denote the inclusions (as slices determined by base-points) of X and Y in X Y , and let p X ; p Y be the projections of X Y on X and Y . A major drawback of both results lies in the condition Y; aut(X)] = f g (which reduces to X _ Y; X^Y ] = f g when only H-spaces are considered), which is both di cult to check and rarely veri ed. Our approach avoids this di culty and as it stands, generalizes directly the result of Booth and Heath while, when applied to H-spaces, gives a description that is complementary to the formula of Sieradski. The paper is organized as follows. The rst section begins with the discussion of some useful conditions implying the diagonalizability of self-equivalences, which allows the application of our methods. Next step is the study of the group Aut X (X Y ) followed by the proof of the main theorem. The remaining part is a brief description of analogous results for the group Aut ] (X Y ). The second section is a brief list of structural properties of the group Aut(X Y ) implied by the main theorem. In the third section are studied the simpli cations which appear when X and Y posses a product or a co-product structure.
In particular, a result result complementary to Sieradski's formula is obtained and a Sieradski-type result for Aut ] (X Y ) and for a product of coH-spaces is derived. Several examples and applications are treated in the last section. All spaces in this paper are pointed (although the base-point is sistematically omitted from the notation) and have the homotopy type of a CW-complex, except for some mapping spaces like aut(X) when X is non-compact. Both basepoint preserving and free maps appear in the discussion and the interplay between them is important in several occasions. For this reason the spaces aut(X) of free self-equivalences and aut (X) of base-point preserving self-equivalences will be carefully distinguished, and similarly for the mapping spaces map(X; Y ) and map (X; Y ). On the other side, only homotopy classes of based maps are needed, so X; Y ] denotes invariably the set of based-homotopy classes of basepoint preserving maps so, for example, Aut(X) = 0 (aut (X)).
Aut(X Y )
A neccessary condition for the application of our methods is that the the self-homotopy equivalences of the product X Y can be diagonalized. The following proposition gives a su cient condition for the diagonalizability. Aut X (X Y ), so let (p X ; h Y ) be its homotopy inverse. Since
concludes the proof. In general, the fact that a group is a product of its subgroups does not allow a very precise description of its structure even when the subgroups are completely known. This problem will be tackled in the next section. Nonetheless, with additional assumptions this situation can be improved, like in the theorem of Booth and Heath mentioned in the Introduction. We will brie y show how their result can be derived from Theorem 1.5. The main step is the following lemma: Lemma 1.6 Assume that Y is connected and that Y; aut 1 (X)] = f g. For every map h : X Y ! X such that h i X 2 aut (X) the relation h ' h i X p X holds.
Proof: The bration of mapping spaces (i X ) = ? i X : map (X Y; X) ! map (X; X) has a section (p X ) = ? p X . Therefore, the bre over every element of aut (X) map (X; X) is homotopy equivalent to the bre over 1 X , which is homeomorphic by the usual adjointness to map (Y; aut 1 (X)). Since h and h i X p X are both points of the bre over h i X , and since by the assumption Y; aut 1 (X)] = f g the bre is connected, there is a path, i.e.
homotopy, between h and h i X p X . The theorem of Booth and Heath can now be easily derived. 
Using the above relation the calculation is straightforward:
In the last years there is a considerable interest in the subgroups of selfequivalences which induce identity automorphisms on homotopy groups. For 1 < n 1 let Aut ]n (X) be the kernel of the obvious representation
Ineteresting cases are when n is bigger then the dimension of X, either topological when X is a nitely-dimensional CW-complexes or homotopical when X is a Postnikov section. Indeed Dror and Zabrodsky 7] showed that when n is greater or equal to the dimension of X, then Aut ]n (X) is a nilpotent group, hence it can be studied by localization methods. We are going to give a brief description of results about Aut ]n (X Y ), which are parallel to those for Aut(X Y ). The proofs, being completely analogous to the above, are mostly omitted. It is already clear that in order to apply the above results some information on the structure of the groups X; aut 1 (Y )] is needed. As it will be seen later, in many special cases the problem can be simpli ed and reduced to the computation of groups of homotopy classes of maps between simpler spaces, while for the general case a spectral sequence approach can be used. 
Structural results
The fact that a group is a product of two subgroups poses some restrictions on its structure. Alas, these are not very strong as will become clear in this section. Moreover, since it seems di cult to derive useful results under very general assumptions, this section will be organized in a somewhat unusual way. First, some algebraic results that can be used in the topological setting will be listed. Next, some comments will be made on topological situations in which parts of conditions of theorems are satis ed. Finally, some fairly general risults will be derived, while the application of others will be postponed to the section on applications. The literature on products of groups is quite extensive, and it is mostly spread in periodic pubblications. Luckilly enough, there is a recently published comprehensive treatise 2] on this topic, from which all references will be quoted. In all theorems the group G is a product of two subgroups A and B. The rst result is on Sylow subgroups of G. We conclude this algebraic excursion with two results about ranks of groups. A group G is said to be of nite torsion-free rank r 0 if it has a normal series whose subquotients are either in nite cyclic or periodic. The number of in nite cyclic factors is an invariant of the group denoted by r 0 (G). When N is a normal subgroup of G then r 0 (N) + r 0 (G=N) = r 0 (G). A group G is of nite Pr ufer rank r = r(G) if every nitely generated subgroup of G can be generated by r elements and r is the smallest integer satisfying this condition.
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Theorem 2.6 (Amberg, Franciosi, De Giovanni, Theorem 4.1.8
in 2])
If G has a nite torsion-free rank, then r 0 (G) r 0 (A) + r 0 (B An analogous approach for coH-spaces is less e ective because the evaluation bration does not posses a section. Nevertheless, the following result is much easier to apply then the spectral sequence of Theorem 1.12. For example, when X = S m and Y = S n the corresponding homomorphism m+1 (S n ) ! m+n (S n Proof: It is su cient to modify slightly the original Sieradski's proof -see 15] , and to note that the image consists exactly of matrices described in the proposition.
Sieradski's method yields some information for products of coH-spaces as well. Moreover, the group of self-equivalences that induce identity homomorphisms on homotopy groups ts into a split short exact sequence:
Proof: Observe that the group operation in GL(2; IJ ) is the usual matrix product where the summation is derived from the coH-structure. A straight- given by ](x) := (x). This result is not very precise as will be seen later. Nevertheless some interesting consequences can be drawn. To compute n (aut 1 (S m )) = S n ; aut 1 (S m )] and m (aut 1 (S n )) = S m ; aut 1 (S n )] we can use Proposition 3.2, which in this case reduces to the exact sequence of Koh 10 Proof: Clearly Aut(S m S n ) is in nite if and only if at least one among n (aut 1 (S m )) and m (aut 1 (S n )) is in nite. Consider the rationalized version of Koh's exact sequence. There are only two cases when groups in question can be non-trivial: when m is even and n = 2m ? 1, and when n is even and m = n ? 1. However, in the second case the group m+1 (S n ) is in nite, and it is well-known that the subgroup of 2n?1 (S n ) generated by { n ; { n ] is also in nite, so rationally n (S n ) ! 2n?1 (S n ) is an isomorphism. It follows that n?1 (aut 1 (S n )) is a nite group. Some information on p-torsion components can be derived from the following fact about homotopy groups of spheres: if n 3 and p is an odd prime then n+k (S n ) is p-torsion-free when k < 2p ? 3 Note that when m < n Coker( { n ; ?] : m+1 (S n ) ! m+n (S n )) = ( m+n (S n ) m + 1 < n 2n (S n+1 ) m + 1 = n Indeed, if m + 1 < n, then m+1 (S n ) = 0 and the claim follows from the Koh's exact sequence. When m + 1 = n, then Corollary XII, 2.6 of 17] implies that the image of { n ; ] : n (S n ) ! 2n?1 (S n ) equals the kernel of the sospension homomorphism E : 2n?1 (S n ) ! 2n (S n+1 ), which is onto by the Freudenthal's theorem. Therefore Coker { n ; ] = Im E = 2n (S n+1 ). 
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